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Abstract 

One of the main objectives of equilibrium state statistical physics is to 
analyze which symmetries of an interacting particle system in equilibrium 
are broken or conserved. Here we present a general result on the con- 
servation of translational symmetry for two-dimensional Gibbsian particle 
systems. The result applies to particles with internal degrees of freedom 
and fairly arbitrary interaction, including the interesting cases of discontin- 
uous, singular, and hard core interaction. In particular we thus show the 
conservation of translational symmetry for the continuum Widom Row- 
linson model and a class of continuum Potts type models. 
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1 Introduction 

It is well known that probability theory provides a mathematically rigorous 
setting to investigate problems from equilibrium state statistical physics. Here 
the object of consideration is a system of interacting particles, where the 
number of particles is huge and thus assumed to be infinite. Such a particle 
system is given by specifying restrictions on particle positions (lattice setting 
versus point particle setting), the internal properties of the particles (such as 
magnetic spin, electric charge or particle type), and the interaction between 
particles. The equilibrium states of a specific particle system are then modeled 
by Gibbsian processes, as introduced by R. L. Dobrushin (see |D1] and [D2| ). 
O. E. Lanford and D. Ruelle (see |LR] ) . The main objective usually is to 
find out whether the system exhibits a phase transition, i.e. whether there 
is more than one equilibrium state. In order to study this problem, the 
crucial task is to investigate which of the system's symmetries are broken 
and which are conserved, and it would be desirable to have general results 
stating under which conditions certain symmetries are conserved. While in 
more than two spatial dimensions such general results can not be expected 
to hold (as here all symmetries are believed to be broken easily), and in one 
dimension the situation is almost trivial (as under very weak assumptions all 
symmetries are conserved), the case of two dimensions is interesting. Here 
it is useful to distinguish between discrete and continuous symmetries and 
also between internal symmetries (i.e. symmetry transformations concerning 
the inner properties of particles) and spatial symmetries (such as translation 
and rotation). In order to investigate the behavior of a particle system under 



translations and rotations it is natural to consider a point particle setting, as 
in a lattice setting all spatial symmetries are bound to be discrete. In the 
following the attention is thus restricted to interacting particle systems in a 
point particle setting in two dimensions. 

The current knowledge about such systems is the following: It is believed 
that discrete internal symmetries in general may be broken, but so far this 
has been shown only for very few systems, e.g. the Widom Rowlinson model 
considered by D. Ruelle |Ru2j or the continuum Potts model considered 
by H.-O. Georgii and O. Haggstrom [GH] . In contrast, continuous internal 
symmetries are conserved under weak assumptions on the interaction. The 
first result in this direction was obtained by S. Shlosman |S], building on earlier 
ideas of M. Mermin and H. Wagner [MWj . We gave a more general version 
of this result in pil], which includes the case of discontinuous interaction, 
using ideas of D. loffe, S. Shlosman and Y. Velenik [IS VJ . While it is expected 
that rotational symmetry may be broken, so far this could not be established 
for any realistic particle system, but this conjecture is supported by recent 
work of F. Merkl and S. Rolles [MRj . for example. Translational symmetry is 
conserved under weak assumptions on the interaction. This was first shown by 
E. Frohlich and C.-E. Pfister [FP1| and |FP2| . and we obtained a more general 
result [Ri2j . which for example includes the interesting case of the hard disc 
model. The last two results both concern particles without internal degrees of 
freedom. However, many interesting models of statistical physics, such as the 
Widom Rowlinson or the Potts model, feature particles with spins. Here we 
will show, how to overcome conceptual and technical difficulties that arise due 
to the incorporation of spins, and thus we obtain a fairly general result on the 
conservation of translational symmetry for particles with any internal degrees of 
freedom and for interactions that are allowed to have discontinuities, singulari- 
ties, or hard cores. This establishes the conservation of translational symmetry 
for the continuum Widom Rowlinson model and a large class of continuum 
Potts type models, for example. While parts of the proof of the main theorem 
will be similar to the corresponding parts in [Ri2j . we decided to repeat these 
arguments for the convenience of the reader, so that the article is self-contained. 

We start Section [2] by giving an equivalent condition for a measure to be in- 
variant under a transformation (LemmafU), which will be useful for establishing 
the conservation of symmetries. We next confine ourselves to the special case of 
translational symmetry, considering a class of Potts type potentials. The cor- 
responding result (Theorem [1]), which is of interest on its own, will follow from 
the general case presented afterwards. For this general case we define a class 
of potentials (Definition [1]) for that translational symmetry is conserved (The- 
orem [2]). After a few comments on some aspects of this class concerning hard 
cores (Lemmas [2] and [3]) we give sufficient conditions for potentials to belong 
to this class (Lemmas H] and [5]). The precise setting is given in Section [31 and 
the proofs of the lemmas from Sections [2] and [3] are relegated to Section [H In 
Section [5] we will give the proof of Theorem [2j The proofs of the corresponding 
lemmas are relegated to Section [H 
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2 Results 



2.1 Conservation of symmetries 

We consider particles in the plane . Every particle is allowed to have internal 
degrees of freedom, encoded in the so called spin of the particle. The spin 
is assumed to be an element of some measurable spin space (or mark space) 
(5, IFg), on which a probability measure A5 is given as a reference measure. We 
require the diagonal in S* x 5 to be measurable w.r.t J's ® 3^s, but we will not 
assume any topological properties of 5. The particle space will be abbreviated 
by 1R| := x S. We fix a chemical potential — log z, where z > is a given 
activity parameter. The particles may interact via a pair potential U modelled 
by a measurable function 

U : (1R|)2 ^ R := R U {cx)} 

that is symmetric in that U{yi,y2) = U{y2,yi)- The set of equilibrium states 
corresponding to a particular choice of U and z can be modelled by the set of 
Gibbsian point processes, which are defined to be certain probability measures 
on the space (^,3^y) of all particle configurations, see Section \3M A bimeasur- 
able transformation r : R| — > R^^ is called a symmetry oi U if U is r-invariant, 
i.e. 

U{T{yi),T{y2)) = U{yi,y2) for all 2/1,2/2 e ^s- 

Such a transformation r also defines a transformation on the configuration 
space y, where every single particle of a given configuration is transformed by r, 
and an equilibrium state is said to be r-invariant if fi o = jj.. It is natural 
to ask, whether the equilibrium states of a particle system corresponding 
to U and z are invariant under a given symmetry of U. If this is indeed 
the case, the symmetry is said to be conserved, otherwise it is said to be broken. 

There are several strategies to establish the conservation of symmetries. 
One is to use the concept of relative entropy and to exploit certain entropy es- 
timates, see Section 2.3.3. of [ISV] . Another one builds on a certain inequality 
for Gibbsian specifications, see Proposition (9.1) of [G]. The latter approach 
uses the convexity of the set of Gibbs measures, tail triviality of extremal Gibbs 
measures and extreme decomposition, thus requiring the spin space to be stan- 
dard Borel. In the following we present a variant of this approach, which works 
in a general setting and admits a straightforward proof via convexity. 

Lemma 1 Let {0,, 3', fi) be a probability space, A C 9' an algebra on Q such 
that (7{A) = 3', and r a transformation on Q, i.e. t : ^ Q a bimeasurable 
mapping, fi is r-invariant if and only if the following condition holds: 

VAeA: h{tA) + fi{T~^A) > 2fi{A). (2.1) 

The proof will be given in Section [H For a more detailed account on how 
to use this lemma in order to show the conservation of translational symme- 
try, see Subsection 13.51 From now on we will restrict our attention to spatial 
translations of particles. 
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2.2 Widom Rowlinson and Potts type potentials 

As the definition of tlie class of potentials for that we will show the conservation 
of translational symmetry is fairly general, but also fairly complicated, we first 
would like to present the result for a certain class of Potts type potentials. 
This class includes finite state Widom Rowlinson potentials as wells as step 
potentials, as considered by J. L. Lebowitz and E. H. Lieb in |LLj as a continuum 
analogue of the Potts model. For a given finite spin space S (describing different 
types of particles) we define a Potts type potential to be of the form 

U{xi,ai,X2,a2) := 4><n,a2{\xi - X2\h), 

where \.\h is a norm on and {(j)a-^a2)cTi,a2eS is a family of interactions, i.e. 
4>aia2 '■ 1^+ •= [0) oo[^ R, is measurable and we have 4'aia2 = 4>a2(Ti fo^' all cri, cj2. 
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Figure 1: Some examples of well behaved functions 

We call a function : 1R,+ H well behaved if there are < ro < . . . < 
(n > 0) such that (p{r) = oo for r < rg, (p{r) = for r > r„, is continu- 
ous on every interval ]rj,rj_|_i[ and in every point ri, . . . ,r„ the left and right 
limit exist. Figure [1] shows some examples of well behaved functions. Func- 
tions of type (j)a, (pb and 4>c are used in the definition of a Widom Rowlinson 
potential, a continuum Potts potential and a slightly more complicated Potts 
type potential respectively. All spatial translations of particles are symmetries 
of Potts type potentials, and the following theorem states the conservation of 
these symmetries. 

Theorem 1 Let S be a finite spin space endowed with the equidistribution 
as reference measure and z > be an activity parameter. Let U be a Potts 
type potential corresponding to a norm on and a family of interactions 
i4'aia2)iJi,a2eS- If M the functions 4'aia2 o.re nonnegative and well behaved, then 
every Gibbs measure corresponding to U and z is translation-invariant. 

We note that nonnegativity of the potential is assumed only in order to avoid 
introducing superstability at this point. In Section 12.51 Theorem [1] will be 
deduced from the general case (Theorem [2]) presented below. 
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2.3 General case 

In this general case we consider translations in a fixed direction a (a G with 
\a\2 = 1). The corresponding group of translation transformations is defined by 

g't : IR| ^ R|, gtix, a) := {x, a) + at := {x + at, a) (i e R). 

We call a potential U (or a Gibbsian point process fi) invariant under transla- 
tions in direction a or simply a-invariant if U (or n respectively) is invariant 
under gt for all t G R. Translation-invariance is equivalent to a-invariance in 
every direction a. As there might be interesting potentials that are a-invariant 
for some direction a, but not for every direction, we investigate the conservation 
of a-translational symmetry rather than translational symmetry. 

In order to describe a class of potentials for that a-symmetry is conserved, 
we now define some important properties of sets, functions, and potentials. We 
call a function / : (R|)^ R 

a-invariant if f{y + ta, y' + ta) = f{y, y') Vy,y' G R|, i G R, 

symmetric if f{y,y') = f{y',y) ^y,y' G R| and 

of hounded range if {\y — y'\ : f{y, y') / 0} is bounded. 

Here the distance of two particles is defined to be the distance of the positions 
of the particles. The above definition of course does not depend on the choice 
of norm |.|, but for sake of definiteness let |.| be the maximum norm on R^. We 
say that a set A C (R^)^ is a-invariant, symmetric, or of bounded range if the 
corresponding indicator function 1a has this property. We call A a standard set 
if it is measurable, symmetric, and of bounded range. Let us call U a standard 
potential if it is measurable, symmetric, and its hard core 

■= {U = +00} 

is a standard set, i.e. if its hard core is of bounded range. Usually the hard core 
can be described in terms of a norm, which is the case for Potts type potentials 
as described above, for example, but in our setup we are able to treat fairly 
general hard cores. We also need regularity properties. We call a potential U 
a-continuous, a-equicontinuous, or a-smooth on a set A if the family of functions 

(^^^,j,,(t) :R^R, t^U{yi,y2 + ta) {{yi,y2) e A) 

is continuous, equicontinuous, or smooth in i = 0. In the case of smoothness 
we define the a-derivatives of U in A by 

and for a given function V : (R|)^ ^ R+ we say that the a-derivatives of U 
are dominated hy ^p on A if 

dsU{yi,y2+ta) < ^'(2/1,^2) for all (2/1,^2) e A,t e [-1,1] s.t. {yi,y2+td) G A. 
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In the context of ^/^-domination we will use the notion of a bounded partially 
square integrable function (bpsi- function), which is defined to be a measurable, 
symmetric function tp : (1R.|)^ — > 1R+ satisfying 



where ||.|| is the supremum norm of a function. In order to be able to control 
the potential in a neighborhood of a given set, we introduce the notion of the 
e-a- enlargement K^^^ of a set K C (IR.5)^ for a given e > 0, defined by 



We note that the e-a-enlargement of an a-invariant standard set again is an 
a-invariant, symmetric set of bounded range. However, it is not necessarily 
measurable, so we need to be a bit more careful. Given an a-invariant standard 
set K we define K' , K" to be measurable a- enlargements of K if for some e > 

K' and K" are standard sets, i^^e,a C K' and {K')^^s C K". 

If [/ is a potential, z > is an activity parameter and is a set of boundary 
conditions, we say that the triple {U, z, ^o) is admissible if all conditional Gibbs 
distributions corresponding to U and z with boundary condition taken from 
^0 are well defined, see Definition [2] in Section 13. 3i Important examples are 
the cases of superstable potentials with tempered boundary configurations and 
nonnegative potentials with arbitrary boundary conditions, see Section 13.41 
For admissible (C/, ^,^0) the set of Gibbs measures ^^^{U, z) corresponding 
to U and z with full weight on configurations in is a well defined object. 
Finally we need bounded correlations: For admissible {U,z,'^q) we call € IR, a 
Ruelle bound if the correlation function of every Gibbs measure n € 3^^(11, z) 
is bounded by powers of ^ in the sense of ()3.3p in Section 13. 3i 

Definition 1 Let {U,z,'^q) be admissible with Ruelle bound ^, where U : 
(1R|)^ M. is an a-invariant standard potential. We say that U is a-smoothly 
approximable if there is a decomposition of U into a smooth part U and a small 
part u in the following sense: We have an a-invariant standard set K D 
and measurable symmetric a-invariant functions U, u : R, such that 

U = U — u, u > {), U has 'ijj- dominated a-derivatives on K'^ for some bpsi- 
f unction tp, and 



for some measurable a- enlargements K' , K" of K and u := 1 — e "<nAl. 




Ke,d ■= {{yi,y2 + ra) : (yi,y2) e K,-e < r < e}. 




(2.2) 
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The class of smoothly approximable standard potentials is a rich class of 
potentials. An a-smoothly approximable a- invariant standard potential may 
have a singularity or a hard core at the origin, and the type of convergence 
into the singularity or the hard core is fairly arbitrary, as we have not imposed 
any condition on U in K \ . For small activity z the last condition of 
(j2.2p holds for large sets K", so K can be chosen to be a large set, which 
relaxes the conditions on U. The small part n of f7 is not assumed to 
satisfy any regularity conditions, so that U doesn't have to be smooth or con- 
tinuous. We note that Definition [T] does not depend on the choice of the norm |.|. 

The above definition may seem overly complicated. Nevertheless we present 
it in the given form in order to include as many potentials as possible in the class 
of a-smoothly approximable potentials. For some comments on Definition [1] 
and simplifications in several special cases we refer to the following subsections. 
Beforehand however, we would like to present our main result: 

Theorem 2 Let (?7, 2,^0) be admissible with Ruelle hound, where U : (1R.|)^ — > 
H is a standard potential. IfU is a-invariant and a-smoothly approximable, then 
every Gibbs measure fj, £ S^jg{U, z) is a-invariant. 

2.4 Measurable enlargements 

In Definition [1] the hard core may be of fairly arbitrary size and shape. The 
only condition on K'^ is the existence of an a-invariant standard set K D 
and of measurable a-enlargements K', K" of K such that K" \ K and K \ 
are not too big in the sense of the second inequality of (|2.2|) . In the following 
we present possible constructions of measurable a-enlargements -ftT', K" for a 
given a-invariant standard set K. 

(a) Even if the e-a-enlargements of a measurable set K in general need 
not be measurable again, they often are. If so, we simply set K' = K^^^ and 
K" = (K')^^^ = K2e,a fo construct measurable enlargements of K. 

Lemma 2 Let A C be a measurable set with all a-cross sections 

A{yi,y2, a) := {r G R : (yi, 2/2 + ra) G A} (yi, y2 G HD satisfying 

yuan open: [/ n A(yi, 1/2, a) / ^ A2(C/ n ya, a)) > 0. (2.3) 

Then every e-a- enlargement A^^^ (e > 0) is measurable again. For example (j2.3p 
is satisfied if the set of interior points of A{yi,y2,d) is dense in A{yi,y2,a). 

Condition (j2.3p concerns only the topological structure of the a-cross sections 
of A, is easy to be verified, and holds in the case that each a-cross section of A 
is open, for example. 

(b) Often we may choose K to consist of discs in the following sense: 

K = {(xi,cri,X2,cr2) G (1R.|)^ : |xi - X2\h < ^aiaa}, 



7 



where \.\h is an arbitrary norm on and {ra-j^a-2)ai,a2€S is a symmetric, 
measurable and bounded family of reals. In this case we define the enlargement 
iiT-i-g to be a set of the above form, where r 0-10-2 is replaced by r o-jo-2 

+ e. We 

now simply set K' := ET+e and K" := K'^^ = K^2f 

(c) If (5, 3^s) is assumed to be a standard Borel space, then there is a 
metric on S, such that S's is the corresponding Borel-cr- Algebra. Hence there 
is a measurable metric d on (1R,|)^, and the d, e-enlargement of an arbitrary set 
A C 

Ad,e := {(2/1,^2) G (Hi)' : d((yi,y2),A) < e} 
is measurable. In this case we may set K' = K^^^ and K" = (i^')<i,e = I^d,2e- 

We note that in the above cases we often may replace K" by K in the second 
inequality of ()2.2p . Here the following easy lemma is useful: 

Lemma 3 Let K C. (]R|)^ he an d-invariant standard set. For e — > 

(a) supj^^gj^i / 5\_ft:(yi) 2/2)^^2/2 ^ in the situation of case (a) if we know 
that all d-cross section of K are open intervals, 

(h) supj^^gj^i / lK+,\Kiyi,y2)dy2 ^0 in the situation of case (h). 
2.5 Smoothly approximable potentials 

For convenience, in the following we will stick to the case of a hard core consist- 
ing of discs. The results show, how Definition [1] simplifies whenever U satisfies 
additional regularity properties such as smoothness or continuity. 

Lemma 4 Let {U, z, ^o) be admissible with Ruelle bound, where U : (K,!)^ — > K, 
is an d-invariant standard potential with a hard core consisting of discs. U 
is d-smoothly approximable if for every 5 > there is a bpsi- function Tps such 
that one of the following conditions is satisfied: 

(a) U is smooth and has ip^- dominated a- derivatives on {K^^Y . 

(b) U is bounded and a-equicontinuous on {K^^Y, and for some i? G N the 

set K := {(yi,y2) G : \yi — y2\ < R} has one of the following 

properties: 

(bl) U has tps-dominated a-derivatives on K'^. 

(b2) There is an d-invariant standard potential U such that \U\ < U on 
K'^, U is bounded and has ips -dominated a-derivatives on K'^, and 

lim sup / C/(yi,y2)|?/l - 2/2pl{|yi-y2|>r}'^2/2 = 0. 
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For example, (61) holds trivially when U has finite range, and (62) includes the 
case that there are e' > and k > such that \U{yi,y2)\ < k/\yi — 2/2!^^'^ 
for large \yi — 1/2 1- We note that the generalization of the preceding lemmas 
to more general hard cores is straightforward: Instead of imposing regularity 
conditions for U on {K'^^Y for every 6 > Owe just require it on some a-invariant 
standard set K D K'^ such that there are measurable a-enlargements K', K" 
of K with j ^K"\Kv{yi-,y2)dy2 < ^/{^O foi' all yi G 1R|, where ^ is a Ruelle 
bound. Finally we would like to show how to deal with discontinuous potentials 
by considering Potts type potentials as defined in Section 12.21 

Lemma 5 Let S be a finite spin space and let {U,z,yQ) be admissible with 
Ruelle bound, where U is a Potts type potential corresponding to a norm \.\h on 
and a family of interactions {(paia2)cTi,a2eS- If cl^^ functions 4>ai(72 ^.re 
well behaved, then U is a-smoothly approximable. 

Again we note that the ideas of the proof of Lemma [5] can be used to prove 
a-smooth approximability for more general potentials, but for simplicity we 
restrict ourselves to the above case. Theorem [1] can now be seen to be an 
immediate consequence of Theorem [2] and Lemma [3 We only have to note 
that for nonnegative U {U,z,'^) is admissible and admits a Ruelle bound (see 
Section [331 Lemma [7]). 

3 Setting 

3.1 State space 

We will use the notations N := {0,1,...}, 1R+ := [0,oo[, R := R U {+00}, 
ri V r2 := max{ri,r2}, and n A r2 := min{ri,r2} for ri,r2 G R. For sets A, B 
the cross sections of a subset C C A x B with respect to given elements a € A 
and b ^ B are denoted by 

C{a) := {b' eB : (a, 6') G C} and C{b) := {a' e A : (a', 6) G C}. 

The state space R| := R^ x 5 of a particle consists of the space of positions R^ 
and the spin space S. Usually we will denote particles by y, positions by x and 
spins by a. Considering a model that does not include internal properties of 
particles we may simply set S := {0}. On R^ we consider the maximum norm 
|.| and the Euclidean norm |.|2. The Borel-a-algebra "B^ on R^ is induced by 
any of these norms. Let be the set of all bounded Borel sets and be the 
Lebesgue measure on (R^,^^). Integration with respect to this measure will 
be abbreviated hy dx := dX^{x). Often we consider the centred squares 

:= [-r,rpC R^ (r G R+). 

For describing the spins of the particles let [S,3^s-,^s) be a probability space 
such that the diagonal in 5 x 5" is measurable w.r.t 3^s ® 9^S- Integration with 
respect to \s will be abbreviated hy da := dXs{cr) and the same way we use 
dy := dX'^{x)dXs{a) in the particle space. Sometimes we will apply functions of 
R^ to particles by simply ignoring their spins; for example |yi — 1/2I is defined to 
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be the distance between the positions of two particles yi,y2 G Similarly we 
may think of A C as a set of particles by identifying this set with Ax S C ]R|. 

We also want to consider bonds between particles. For a set X we define 

E{X) := {AcX ■.#A = 2} 

to be the set of all bonds in X, where # denotes the cardinality of a set. A 
bond will be denoted by xx' := {x,x'}, where x,x' € X such that x ^ x'. 
Every symmetric function u on. X x X can be considered a function on E[X) 
via u{xx') := u{x,x'). For a bond set B C E{X) {X,B) is a (simple) graph. 
The connectedness relation 

X <— ^ x' -.-^ 3 m G N, xo, . . . , Xm & X : x = xq, x' = Xm, Xi-iXi & B \/ i 

defines an equivalence relation on X whose equivalence classes are called the 
5-clusters of X. Let 

CxA^) := {x eX:x^ x'} and Cx,s(A) := (J Cx,b{^') 

denote the B-clusters of a point x and a set A respectively. Primarily we are 
interested in the case X C 1R|. On E{E?g) we consider the cr-algebra 

9^E(R|) := {{ym e E{nl) : (2/1,2/2) G M} : M G (03^ ® J^)'}- 

3.2 Configuration space 

A set of particles Y c 1R| is called 

finite if #y < 00, and 

locally finite if #(F n A) < 00 for all A G S^. 

The configuration space ^ of particles is defined as the set of all locally finite 
subsets of 1R|. The elements of y are called configurations of particles. For 
y G y and ^ G (8> J's let 

YA•—Yf^A (restriction of Y io A), 

'■= {Y G y : y C A} (set of all configurations in ^4), and 
Na{Y) := #Ya (number of particles of Y in A). 

The counting variables {Na)ag'B'2(^3's generate a a-algebra on y, which will 
be denoted by 3"y. For A G let ^ cr-algebra on obtained by 

restricting to and let S^y^A ■= ^a^^'^a be the a-algebra on ^ obtained 
from ff'y ^ by the restriction mapping ca : V ^ Va,Y t-^ Ya- The tail cr-algebra 
or cr-algebra of the events far from the origin is defined by •= flnM -^yA" ■ 

For configurations F, F G ^ let YY ■.= Y[JY. Let v be the distribution of the 
Poisson point process on (^,5"^), i.e. 

/ u{dY)f{Y) = e-^'(^) J2h f dyi...dyk f{{yi : 1 < i < k}) 
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for any 3"y A-measurable function / : y ^ 1R,+ , where A G !B^. For A G and 
Y G y let UAi-lY) be the distribution of the Poisson point process in A with 
boundary condition Y, i.e. 

J MdY\Y)fiY) = J ,.{dY)f{YAYAc) 

for any 3^y-mcasurablc function / : ^ — > IR+. It is easy to see that va is a 
stochastic kernel from (y,5'y,Ac) to 

The configuration space of bonds is the set of all locally finite bond sets: 

E := {B C E{Kl) : #{yy' e B : yy' C A x S} < oo for ah A G B^}. 

On £ the cr-algebra 3~£ is defined to be generated by the counting variables 
Ne ■■ £. ^ #{E riB) {E e 9"s(R|))- For a countable set ^ G £ one 

can also consider the Bernoulli-a-algebra 'Be on £,e ■= J'(-E') C £, which is 
defined to be generated by the family of sets {{B C £" : e G B})g(zE- Given a 
family {pe)eGE of reals in [0, 1] the Bernoulli measure on {E.e,'Be) is defined as 
the unique probability measure for that the events {{B C E : e (z B})(,^e are 
independent with probabilities ipe)eeE- It is easy to check that the inclusion 
{Ee,'Be) (£j3^£) is measurable. Thus any probability measure on (8,e,'Sie) 
can trivially be extended to (fi,?'^). 

3.3 Gibbs measures 

Let U : (IR^)^ ^ R, be a potential and z > an activity parameter. For finite 
configurations Y,Y' we consider the energy terms 

H^{Y) := Yl U{y,,y2) and := E E U{yi,y^). 

Viy-zeEiY) yi£Yy2GY' 

The last definition can be extended to locally finite configurations Y' whenever 
{Y,Y^) converges as A | IR^ through the net 23^. The Hamiltonian of a 
configuration yG^inAGS^is given by 

Hj[{Y) := H^{Ya) + W''{Ya,Yac) = Yl ^iVi'V^)' 

yiy2&EA{Y) 

where Ea{Y) := {yiy2 G E(Y) : ym n A 7^ 0}. 

The integral 

zl'^iY) := jMdY\Y)e-"Aiy),#yA 

is called the partition function in A G 23^ for the boundary condition Y^c G y. 
In order to ensure that the above objects are well defined and the partition 
function is finite and positive we need the following definition: 

Definition 2 A triple {U,z,'^o) consisting of a potential U : (1R|)^ H, an 
activity parameter z > 0, and a set of boundary conditions € 9^y,oo is called 
admissible if for all Y £ and A G the following holds: {Ya,Ya'') has 
a well defined value in R, and the partition function Zj^'^(Y) is finite. 
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If {U,z,))o) is admissible, A E Sf, and Y € ^o, then W'^{Ya,Yac) e R is well 
defined for every y E y, because Y^Y^c G ^o- As a consequence the partition 
function Z^' (Y) is well defined. Furthermore by definition it is finite, and 
by considering the empty configuration one can show that it is positive. The 
conditional Gibbs distribution ■j^'^{.\Y) in A G with boundary condition 
y G is thus well defined by 

7^'^(^|F) := [ MdY\Y)e-^Aiy),#yAi^^Y) for A G Jy. 

[Y) J 

7^'^ is a probability kernel from (^O) 3"yo,A<=) to (^,9"^). Let 

9%iU,z) := {fi GTi(y,:Ty) : ^(^0) = 1 and 

KA\3^y,Ac) = 7a"(^|.) ^-a.s. G 3-y, A G S^} 

be the set of all Gibbs measures corresponding to U and z with whole weight 
on boundary conditions in Vq- It is easy to see that for any probability measure 
/X G such that ^{^0) = 1 we have the equivalence 

^ (/i0 7A''=/^VAGS2). 
So for every fi G 9yo{U, z), f '.^ —>■ 11+ measurable and A G "B^ we have 

I KdY)f(Y) = I MdY) I ^1^^{dY\Y)f{Y). (3.1) 

We note that the hard core of a potential U models the property that 
particles are not allowed to get too close to each other, i.e. for admissible 
{U, z, yo) and fi G Syo ^) ^^ave 

/x({y G y : 3y, y' G y : y y', (y, y') G K^}) = 0. (3.2) 

This is because for every n G N and every boundary condition y G we have 

7^:f({y G y : G yA„ : 2/ y' , {y,y') G K^}\Y) = 0, 

as on the event considered in the last line the Hamiltonian H^^(Y\Y) is 
infinite. Therefore (j3.2p follows by using (|3.1|) and taking n — s- (X). 

For admissible ([/, z, ^o) and a Gibbs measure G Qijg{U,z) we define the 
correlation function p'^'^ by 

^f/,/.(y) = ^-H^{Y) y;,(dy)e-^''(^'^) 

for any finite configuration y G y . If there is a = £,{U, -z, yo) > such that 

P^'^iY) < i*^ for ah finite y G y and ah p G %o{U, z), (3.3) 

then we call ^ a Ruelle bound for ([/, 2:,yo). Actually we need this bound on 
the correlation function in the following way: 
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Lemma 6 Let ([/, ^o) admissible with Ruelle hound For every Gibbs 
measure /x G 9]}o{U, z) and every measurable function f : (RI)™ —>■ ]R,+ , m G N, 
we have 

J l^idY) fiyu---,ym) < {zO"" J dyi...dy^f{yi,...,y^). (3.4) 

yi,...,ym&Y 

We use as a shorthand notation for a multiple sum such that the summation 
indices are assumed to be pairwise distinct. 

3.4 Superstability and admissibility 

Now we will discuss some conditions on potentials that imply that {U,z,'^q) is 
admissible and has a Ruelle bound whenever the set of boundary conditions 
^0 is suitably chosen. Apart from purely repulsive (i.e nonnegative) potentials 
such as the one considered in Theorem [T] we also want to consider superstable 
potentials in the sense of Ruelle, see j RuI] . Therefore let := r + [-i, ipc 
be the unit square centred at r G and let ^^(y) := {r G : Nr,{Y) > 0} 
be the minimal set of lattice points such that the corresponding squares cover 
the configuration Y. A potential U : (K.!)^ — > IR is called superstable if there 
are real constants a > and 6 > such that 

H'^iY) > [aNrAYf-bNrAY)] 

for all finite configurations y G y. [/ is called lower regular if there is a de- 
creasing function ^' : N — s- 1R+ with ^ ^'(|r|) < oo such that 

t^^(y,n>-E E ^(l^-«l)[^^r.(i^)' + ^iVr.(n'] 

for all finite configurations Y,Y' G So superstability and lower regularity 
give lower bounds on energies in terms of particle densities. In order to control 
these densities a configuration y G ^ is said to be tempered if 



s{Y) := sups„(y) < oo, where Sn{Y) := ^ V nI{Y). 

By we denote the set of all tempered configurations. We note that G 3"y,oo- 



Lemma 7 Let z > and U : (IR.5)^ ^ IR, 6e a potential function. 

(a) IfU>0, then {U,z,y) is admissible with Ruelle bound := 1. 

(b) If U is superstable and lower regular then {U,z,yt) is admissible and ad- 
mits a Ruelle bound. 

The first assertion is a straightforward consequence of the fact that all energy 
terms are nonnegative. For the second assertion see |Rul| . 
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3.5 Conservation of translational symmetry 



We want to establish the conservation of r-translational symmetry for a given 
admissible triple {U,z,'^q) and a translation r E R^. It suffices to show that 
for every 6 > and every cylinder event D € S'y^Am ("^ ^ ^) there is a natural 
n > m such that we have 

7^:f (1? + t\Y) + ll^iD - t\Y) > 27j;(Z)|y) - 5 for all Y G ^o- (3.5) 

Indeed, let fi G (^^, z), then integrating (j3.5p with respect to ^ and applying 
(fHH) gives fi{D+T)+n{D-T) > 2n{D)-6 for ah 5 > and D G Jy^A^ (m G N). 
Letting 5 — > 0, Lemma [1] shows the invariance of fx under the translation by 
r, because the cylinder events form an algebra which generates the cr-algebra 
. For the proof of Theorem [2] our goal thus will be to establish an inequality 
similar to (|3.5p . We further note that the group Ra is generated by the set 
{ra : T G [0, 1/2]}. Thus we only have to consider translations of this special 
form in order to establish the a-invariance of a set of Gibbs measures. 



3.6 Concerning measurability 

We will consider various types of random objects, all of which have to be shown 
to be measurable with respect to the considered cr-algebras. However, we will 
not prove measurability of every such object in detail. Instead, we will now 
give a list of operations that preserve measurability. 

Lemma 8 Let Y, Y' e ^ , B , B' e £., y e R|, x G R^, and p eO. be variables, 
where (17, 5") is a measurable space. Let f : x (IR5) IR, and g : ^ x 
i?(lR|) — > IR 6e measurable. Then the following functions of the given variables 
are measurable with respect to the considered a-algebras: 

Y^fiP^y')^ ^ny', YUY', Y\Y', Y + x, (3.6) 
y'&Y 

Yg{p,b'), BnB', BUB', B\B', B + x, (3.7) 

b'eB 

mi f{p,y'), CyMv), E(Y). (3.8) 

y'£Y 

Using this lemma and well known theorems, such as the measurability part of 
Fubini's theorem, we can check the measurability of all objects considered. 
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4 Proof of the lemmas from Sections [2] and [3] 



4.1 Conservation of symmetries: Lemma [T] 

We first note that fior^^ = /i easily implies (|'2.ip . where we indeed have equality. 
For the other implication let us assume (j2.ip . By the monotone class theorem 
this inequality immediately extends to all A €z 'J. Thus for all D G 3" and A; € Z 



the sequence is bounded, and thus it has to be constant. In particular we get 
fi{T^^D) = I-l{D). As Z) € 3" was arbitrary the result follows. 

4.2 Measurable enlargements: Lemmas [2] and [3] 

Let A be as described in Lemma [2] and let e > 0. By Fubini's theorem the 
function / : (1R,|)^ 1R,+ , f{yi,y2) '■= X{A{yi,y2,a) (1 ] — e,e[) is measurable 
and by (|2.3p for all yi,y2 G IR5 we have 



This shows A^^^ = {/ > 0} to be measurable. The second statement of 
Lemma [2] is an immediate consequence of the fact that a Borel set containing 
a nonempty open set has positive Lebesgue-measure. 

For the proof of Lemma [3] (a) let all o-cross sections of K be open intervals. 
Then the a-cross sections (i^e,^ \ K)(yi,y2,a) are either empty or the union of 
two intervals of length e. Furthermore, as K is of bounded range there is a real 
r > such that for every (2/1,1/2) G -f^e,a we have — 2/2! I^r. The supremum 
in (a) can thus be estimated by 

sup sup / dr2l{\r[-r'2\<r} / '^»^2l{r2G(/^, s\^)(r-i,ri,ai,r^,,a2)} < 2r • 2e. 
ri,r'jeRo-i,(T2GS J J 

For part (b) let i^T be a standard set consisting of discs and let r > be a 
bound for the corresponding family {raia2)cTi,a2eS- The supremum in (b) can 
be estimated by 



4.3 Smooth or continuous potentials: Lemma [4] 

We set K := K^g, K' := K+^, K" = K'_^^, where e, (5 > are so smah that 



where is a Ruelle bound for ([/, z, ^o)- (This is possible by LemmaO) In case 
(a) we are done setting ip := ips, U := U and u := 0. In case (bl) let Ui := U 




/(yi,y2)>0 ^ A{yi,y2,d)n]-e,e 



[y^0 ^ (yi,y2) G Ae,a- 



sup sup 




c := l/{z^) - sup / lK„\Ku{yi,y2)dy2 > 0, 
j/ieR| J 
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and in case (b2) let Ui := U. Without loss of generality we may assume that 
R> 1 and K C K, and furthermore 

sup / 2f7(yi,y2)|yi -2/2^1 j^c(yi, 2/2) c^y2 < 7; 

in case (b2). In both cases Ui serves as an a-smooth approximation of U on 
K'^. We note that Ui is bounded and has ^/^^-dominated a-derivatives on K'^, 
which also implies that diUi and d^Ui are bounded on PC^. Let 

C := {(yi,y2) e (Hl)' : \yi -y2\<R+l}\K. 

For 6' > let fsi:M,—>- 1R+ be a symmetric smooth probability density with 
support in ] - 5',6'[, e.g. fs'{t) := ^l]_5/_5/[(t)e-(^-*' where is a 
normalizing constant. Then 

C/2(xi,cri,X2,cr2) := j dt fs'{t)U{xi,ai,X2 - ta,a2) 

is an a-smooth approximation of f/ on C. If 5' is small enough, then 

c 

\U2{yi,y2) -U{yi,y2)\ < ^Q^j^^^^2 for (yi,2/2) E C 

by the a-equicontinuity of U. Let g : (1R.|)^ [0, 1] be an a-smooth function 
with g{yi,y2) = for \yi - y2\ < R, g{yi,y2) = 1 for \yi - y2\ > R + I 
and such that the a-derivatives d^g and dig are bounded. Now we can define 
U,u: K"" ^RhyU := {l-g){U2 + c')+gUi and u ■=U-U. It is easy to verify 
that the constructed objects have all the properties described in Definition [T] in 
both cases (bl) and (b2). 

4.4 Potts type potentials: Lemma [5] 

We first consider a well behaved function (p : 1R_|_ — > R, (with respect to given 
reals < ro < . . . < n > 0) and show how to decompose cp into a continuous 
part (j) and a small part ip. For s, e > 0, m G R we define hs^m,e '■ 1R+ ~* IR such 
that the graph of ha^rn,e looks like /\, where (s, m) is the topmost point and the 
angle is determined by e, i.e. hs^m,e{f) '■= m — {m/e)\r — s\. Defining 

n 

cj) := (t>V \/ hr rni,e, where nii := ( 0(rj) V lim 0(r) V lim 0(r) ) + 1, 

» \ r— >ri+ r— >ri— / 

i=l 

for a given e > 0, we see that (j) is continuous on ]ro, oo[. Furthermore (/? := (j) — 4> 
satisfies > 0, Al)|ypl{|j^|^>,,o}dy < 00, and f{(p{\y\h) /\l)l{\y\^>ro}dy 

is arbitrarily small if only e > is chosen small enough. 

Now let [/ be a Potts type potential corresponding to a norm \ .\h and a family 
of well behaved interactions ((/)o-icr2)o-i,(T2eS' where S is a finite spin space. As 
above we decompose every 0(71(72 i^ito a continuous part <^cri(T2 and a small part 
^0-10-21 where the e > entering the above construction is chosen sufficiently 
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small. Now let Uc{yi,y2) '■= 4>aicT2{\xi ~ X2\h) and Uc ■= Uc — U. We observe 
that Uc is of the form described in Lemma H] (bl): We simply choose V = 
and K so big such that Uc = on K'^. We note that Uc is bounded and o- 
equicontinuous in for every 6 > 0. As in the proof of Lemma [J] we thus 
find a decomposition of Uc into suitable potentials U and u. Then U and u + Uc 
give a decomposition of U into a smooth part and a small part as required. 

4.5 Property of the Ruelle bound: Lemma [HI 

For every n G N, every measurable g : K.+ and every Y €z we have 

jvAMY\Y) Yf f{yi,---,ym)9{Y) 

= I dyi...dymf{yi,---,ym) / i^A„{dY'\Y) g{{yi, . . . ,ym}Y'). 

Combining this with ()3.ip , the definition of the conditional Gibbs distribution 
and the definition of the correlation function we get 

1) ■ ■ ■ ) 2/mJ 

yi,--;ym&YA^ 

= L{dY)-^ j^KMY\Y) Yf /(yi,...,ym)e-^""(^)z#^^" 

= / dyi...dymf{yi-,---,yTn)z'^ p^'^{{yi,...,ym})- 

Now we use p.Sp to estimate the correlation function by the Ruelle bound ^. 
Letting n ^ oo the assertion follows from the monotone limit theorem. 

4.6 Measur ability: Lemma [8] 

Details concerning measurability of functions of point processes can be found 
in |DVj or |MKMj . for example. The first part of ()3.6p is the measurability 
part of Campbell's theorem. For the rest of (j3.6p it suffices to observe that we 
have Na[Y n y') = E E IWGA}, ^a[Y \ Y') = Na{Y) -NA{Yr\ Y'), 

yeY y'eY' 

NAiYUY') = NAiY)+NA{Y'\Y) and Na{Y + x)= E U(y + for all ^ G 

y&Y 

23ft "S" (|3-7p can be proved similarly. For ()3.8p we note that inf fi{p, y') < c 

y'eY 

^ E l{/i(py)<c} > 1 for all c G R, A^A(Cy,B(y)) = E '^{y'eCy B{'-^),y'(^A} for 

y'eY y'eY 

m 

ah Aa-Bl® Is, y' G ^ E E hy =yo,y'=ym} H ^{y^y^+leB} > 1 

m>Oyo,---,ym&Y i=l 

for ah y' G 1R| and NiiEiY)) = i Eyi.yaey '^{yiyieL} for ah L G 3'e{u%)- Using 

these relations, the measurability of the terms in (|3.8p follows easily. Note that 

we made repeated use of the fact that the diagonal is measurable in 5 x S*. 
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5 Proof of Theorem [2l Main steps 



5.1 Basic constants 

Let ([/, z, ^o) be admissible with Ruelle bound ^, where U : (]R.|)^ ^ R is an a- 
invariant, a-smoothly approximable standard potential. There is an a-invariant 
standard set K D with a-enlargements K', K", a bpsi- function tp, and 
measurable symmetric a-invariant functions U : (1R|)^ — > H and u : (1R|)^ IR 
such that U = U — u and u > on (1R|)^, u = on K, U has -^-dominated 
a-derivatives on K'^, and u = 1 — e~" satisfies 



sup / u{yi,y2)\yi- y2?dy2 < oo and 

1 PlR ?, J 



1 (5.1) 

:= sup j {Ik"\ku +u){yi,y2)dy2 < —. 
yieR| ^? 

Note that above we defined U and n also on K. By symmetry we may suppose 
that the direction of the translations is a = e := (1,0), and w.l.o.g. we may 
assume that 

K D {{xi,ai,X2,a2) G ■ xi = X2}. 

Let fx ■ (1R.|)^ — *■ [0, 1] be a measurable function such that 

/j^ = on i^, /x = 1 on {K"y, fx is e-smooth, and dgfx is bounded, 

where dgfx is the e-derivative with respect to the second spatial component. 
For the construction of such a function we introduce / : (1R,|)2 ^ R, / — l^^,-,,, 
and choose an infinitely often differentiable function : IR — > 1R,+ which is a 
probability density with support in ] — e, e[. Then the function /i^(y',y) := 
J dtf{y', y — te)f^{t) has the desired properties if e > is chosen small enough. 
Furthermore we need the following constants: 



:= IIV'II V sup / dy2'4'iyi,y2)i\yi - y2\ VI), 

2/ieR| J (5.2) 

CK := sup{|yi -2/2! : (yi,y2) G K"}, and c/ := \\dgfK\\- 



These constants are finite as ■0 is a bpsi-function, K" has bounded range, and 



defx is bounded. On IRo we consider the partial order <g defined by 



{ri,r2,a) <g {r[,r'2,a') :44> n < r[,r2 = r'2, a = a' . 

In order to show the conservation of e-translational symmetry we fix a Gibbs 
measure G Qijg{U,z), a cylinder event D G 9"y,A„,_i, where n' G N, a real 
6 g]0, 1/2[, and a translation distance parameter r G [0, 1/2], see subsection l3.51 
We will ignore dependence on any of the above parameteres in our notations. 
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5.2 Decomposition of n and the bond process 

We consider the bond set En{Y) := Ea„{Y) = {yiy2 G E{Y) : yiya n A„ / 0} 
for n G N and Y & On {8,e„(y),'^e„(y)) we introduce the Bernouhi measure 
7r„(.|y) with bond probabiUties 

im)b^E^(Y) where u{b) := l-e'^^^), 

using the shorthand notation u{yiy2) ■= u{yi,y2) for 2/1,2/2 G I^l- We note that 
< u{b) < 1 for all b G En{Y) as < u < 00. As remarked earlier 7r„(.|y) can 
be extended to a probability measure on (£,9"£). For all D G 3'^ 7r„(Z)|.) is 
^y-measurable, so 7r„, is a probability kernel from to (£,9"£). 

Lemma 9 Lei n G N. We have 
H J^AnlCn) = 1 and /i(G„) = 1 /or := G y : ^ < 00}. 

For Y G Gn every bond set is finite 7r„(.|y)-a.s. by Borel-Cantelli, so 7r„(.|y) <^ 
7r^(.|y), where tt'^{.\Y) denotes the counting measure on {8-E„(Y)j'^En{Y)) con- 
centrated on finite bond sets. Again, vr^ can be considered as a probability 
kernel from (^,9"^) to (£,9"£). We have 

"^^AB) = n (1-^(6)) = e-^A.(^)n(-"^'^-i)' 

beB b&En(Y)\B b&B 

so for every Y G G„ the Hamiltonian W^^iY) is finite, and thus the decompo- 
sition of the potential gives a corresponding decomposition of the Hamiltonian 

<(y) = Ht{Y)-HUY). 

Using (13.11) we conclude that for every ® 9"£-measurable function / > 

Jdfi^TTnf = I '"(^^)pj7^/ '^Ar.®<{dY,dB\Y) 

' _ (5.3) 
^#^A„e-^Aj^)[](e"(^)-l)/(y,i?). 

Here by Lemma [9] on both sides we have Y G G„ with probability one, thus 
the equality follows from the above decomposition. If / does not depend on B 
at all, the integral on the left hand side of (15. 3p is just the ^-expectation of /, 
as 7r„ is a probability kernel, and from the right hand side we learn that the 
perturbation u of the e-smooth potential U can be encoded in a bond process B 
such that the perturbation affects only those pairs of particles with yiy2 G B. 

5.3 Generalized translation and good configurations 

For integers n, R such that n > R > n' we define the functions q : 1R+ — > IR, 
Q : 1R+ ^ R, r : R X R+ ^ R, and TR^n : R ^ R by 

'^(^^ ■= iv(.Lg(.)) ' ■= I 

r{s,k) := / 7T7T\ds', TR^n{s) := t r{s - R,n - R). 

J(sVO)Ak Vl^j 
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For a sketch of the graph of Tji^n see Figure [2j Some properties of tr^ji are: 

TR,n{s) 




^> S 



OR n 



Figure 2: Graph of r^^n 

TR,n{s) = T for s < R, TR^nis) = for s > n, TR^n IS decreasing. (5.4) 

Now Tji^niu) '■= y + TR,n{\y\)e defines a transformation on ]R|. This transfor- 
mation can also be viewed as a transformation on y , such that every point y of 
a configuration Y is translated the distance TR^n{\y\) in direction e. We would 
like to use Tr^„ as a tool for our proof just as in |FP1| and |FP2| . but in order 
to deal with the hard core and the perturbation u, which is encoded in the 
bond process, we have to allow the transformation of a particle y to depend on 
the configuration of particles in the neighborhood of y and the configuration of 
bonds joining y to other particles. We thus aim to construct a transformation 

TR,n : y X £ ^ y X £ 

that is required to have the following properties: 

(1) For B C E{Y) the transformed configuration {Y^B) = 'Zn^niX, B) is 
constructed by translating every particle y G Y hy a certain distance 
in direction e, and by translating bonds along with the corresponding 
particles. 

(2) Particles in the inner region A„/_i are translated by re, and particles in 
the outer region An'^ are not translated at all. 

(3) Particles connected by a bond in B are translated the same distance. 

(4) l-R^n is bijective, and the density of the transformed process with respect 
to the untransformed process under the measure vSnr'n can be calculated. 

(5) We have suitable estimates on this density and on H^^(Y) — H^^{Y). For 
the last assumption we need particles within hard core distance to remain 
within hard core distance and particles at larger distance to remain at 
larger distance. 

Property (2) implies that the translation of the chosen cylinder event D is the 
same as the transformation of D by Tr^u- Properties (3)-(5) are chosen with 
a view to the right hand side of (15. Sp : If I^R^n has these properties then the 
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density of the transformed process with respect to the untransformed process 
under the measure jj,® T^n can be estimated. Therefore a transformation with 
these properties seems to be the right tool for proving (j3.5p . However, in general 
it is impossible to construct a transformation with all the given properties. For 
example properties (2) and (5) cannot both be satisfied if y is a configuration 
of densely packed hard-core particles, or properties (2) and (3) cannot both 
be satisfied if the inner and the outer region are connected by bonds. Similar 
problems arise for some of the other properties, so we will content ourselves 
with a transformation satisfying the above properties only for configurations 
(y, i?) from a set of good configurations G/j^„, which will be shown to have 
probability close to 1 for suitably chosen R and n in Lemma [151 We define 
GR,n to be of the form 

5 

GR,n := { (y, G y X £ : Bd E{Y),rY+ < i?, < 5} , (5.5) 

where 5 g]0, l/2[ is the constant chosen in section [5.11 The functions Sj = 
'Si{R,n,Y, B) will be defined whenever we want good configurations to have 
certain properties, see (I6.8p . ()6.22p and ()6.23p . The condition involving rj + 
is meant to ensure that both the particle density and the number of bonds is 
not too high. More precisely for y € ^ and B C E(Y) let 

B+:=BU {ym G E{Y) : (yi,y2) G K"} 

be the enlargement of B by additional bonds between particles that are close 
to each other. We then define 

V''^^ •= sup{|y'| : y' G Cy,b+{K')} 
to be the range of the i?_|_-cluster of the inner region A„/ . For y € y let 

'^^I'^^Cy) ■= min{rR,„(|y'|) : y' G CY,B+{y)}- 

As Ya^ is finite and t/j^„(|.|) = on by (15. 4p . this minimum is attained. By 
definition 

(y, B) E GR,n, y e Ya^, ^ r^J'^ny) = r. (5.6) 
5.4 Modifying the generalized translation 

We now define a transformation 'Zpt^n with the properties described in the last 
section. As n > R> n' are fixed throughout this section, we usually will omit 
the dependence on n and R in our notations. With a view to properties (1) 
and (3) we define the transformation 

TH,n : y X £ ^ y X £, lR,niY,B) := Cl|„(y), T]^,„(i3)) 

m(Y,B) 

by ^tjy) := [J {Cl^''+r^^''^ = {y + t'''''{y)e:yeY} 
and ll^{B) := {{y + t^'^(2/)e)(y' + t^'^(y')e) : yy' € B} 
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if 5 is a subset of E{Y), and T^^ = id and = id otherwise. Here 



is a certain partition of Y, where every CY'^ is a union 



0<k<m(Y,B) 

Y,B 



of B-clusters. ' is the translation distance of all points in ' , and the 




Figure 3: Every set ' is translated by ' e 



translation distance function t^'^ : y ^ R, is defined by t^'^{y) := ' for 

Y B Y B 

y & Cj^' . We are left to identify the points of Cj^ ' and their translation 
distances t^'^ . In our construction we would like to ensure that the sets C^'^ 
are ordered in a way such that 

r^'^<rr''<...<r^-. (5.7) 

This relation will be an important tool for showing the bijectivity of the trans- 
formation as required in property (4) of the last subsection. As required in (5) 
we also would like to have 

yi,y2 G Y, {yi,y2) eK ^ t^'^(yi) = ^^'^(ys), (5.8) 
yi, y2 € Y, (yi, y2)iK ^ (yi + t^'^(yi)e, + t^'^{y2)S) i K. (5.9) 

Y B 

With these properties in mind we will now give a recursive definition of Cj^ ' 
and r^'^ for a fixed {Y,B) x £, where 5 is a subset of E{Y). In the k^^ 
construction step {k > 0) let 

.Y,B ,Y,B . A A 
0<i<k 

where t^'^ := TR^n{\-\) and m^y,B,^y,s := /\ rny,_Y,B. 

J/6C. 

Y B 

The auxiliary functions niy'^t will be defined later. Let ' be the set of 
points of y \ {Cq'^ U . . . U Cjl^) at that t^'^ is minimal, and let r^'^ be the 
corresponding minimal value, so that t^'^ = t^'^{P^'^), i.e. rj'^ = t^'^(y) for 
all y e Pj'^. Let C^'^ be the P-cluster of the set Pj'^ and T^'^ := id + tl'^e. 
The recursion stops when Y \ {C^'^ U . . . U Cm^) = 0, which occurs for a finite 
value of m{Y, B) := m. If it is clear from the context which configuration is 
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Figure 4: Construction of tk in the case that Ck = Pk is one point only. 



considered, we may omit the dependence on Y and B in the above notations. 
If Ya.c ^ then for every y G Y\o we have TR^nilvl) = by (|5.4p . so y G Pq 
and To = 0. This imphes the second part of property (2). i/c is defined to be 
^0 = "T"/?.™!!-!) modified by local distortions ruy'^f On the one hand we have thus 
ensured that — is small, i.e. r^^„(|y|) for all y G P^, which will give us 
hold on the density in property (4). On the other hand the auxiliary functions 
of the form rUy/ t slow down the translation locally near every point y' with 
known translation distance t, see Figure HI This will ensure properties (j5.8p 
and (15.91) . For y' G 1R| and t G IR, let the auxiliary function my'^t '■ ~^ be 
given by 



m . Ay) ■=[ * ^"''""^ ^ ^ 

^ I t + hy>^tfK{y', y) + oo 1{/k(s/',s/)=i} otherwise, 

where hy'^t ■= \TR,ni\y'\ - cr) - t\. 
Note that the first case in the definition of niy'^t has been introduced in order 



'my',tiri,r2,a) 




ri G R, 



K"{y',r2,a) 



Figure 5: Graph of mj^'^j(., r2, a) 

to bound the slope of ruyi In Section 16.21 we show important properties of 
this auxiliary function, but for the moment we will content ourselves with the 
intuition given by FigureO Using Lemma[8]one can show that all above objects 
are measurable with respect to the considered d-algebras. In the rest of this 
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section we will show that the above construction has indeed all the required 
properties. 



Lemma 10 The construction satisfies (|5.7p . (jS.Sp and (j5.9p . 

Lemma 11 For good configurations {Y,B) € Gu^n we have 

i'^R,nY-rg)A^,_, = 1a„,_, and {TI^Y)a„^ = Ya„^. (5.10) 

Lemma 12 The transformation 'Zr^u ■ V x 8, ^ ^ x 8, is bijective. 

Actually in the proof of Lemma [T2] we construct the inverse of Tr^„. This is 
needed in the proof of Lemma [T3l where we will show for every y € ^ that 
I'An ^T^n{-\Y) is absolutely continuous with respect to i/a„ ^T^'ni-lY) with 
density ipR^n o Ij^^^, where 

m{Y,B) 

mAY,B):= n n |l + 5etP(y)|. (5.11) 



k 



Here dg is the spatial derivative in direction e. The proof will also show that 
definition (jS.lip makes sense z^a„ ® T^'ni ■ \Y)-a,.s., in that all derivatives exist. 
We note that for every y £ Y/\_c the corresponding factor in the definition of 
^R,n{Y,B) equals 1, so the above product in fact is a finite product. 

Lemma 13 For every y € ^ and every 3"y 3^ ^-measurable function / > 

dz.A„ ® <(.|y) (/ o • ^R,n) = I duA„ <(.|y) /. (5.12) 



Considering ()3.5p we also need the backwards translation. So let Tij^„, T|j„, 
T|J^, and ipR^n be defined analogously to the above objects, where now e is 
replaced by —e. The previous lemmas apply analogously to this deformed 
backwards translation. We note that Tij^„ is not the inverse of Tr^„. 

5.5 Final steps of the proof 

Let us now consider the 6 > and the test set D chosen in Section 15.11 We 
identify D with D x 8, and use the shorthand notation DR^n ■= DnGR^n- With 
a view to Lemma [T] we aim at showing that 

IJ, (g) 1Tn{lR,nDR^n) + fJ- 'S' ni^^ R,nD R^n) " 2(1 - 5)^1 (g) 7r„(£'H,n) (5.13) 

is nonnegative. By (j5.3p and Lemma [13] the first term of ()5.13p equals 
/ ^("^^^^C^ / ^^r.®^'n{dY,dB\Y) lx«,„D«,„ oTfi,„(y,i?) 
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By Lemma [T2] Ir^u is bijective, by (jS.lOp we have #('2^^„5^)a„ = #^A„ and 
by construction any two particles connected by a bond are translated the same 
distance. Hence the above integrand simplifies to 

beB 

Treating the other terms analogously, (|5.13p can be seen to equal 

giog<^H,„(y,i3)-//£jx|,„y) ^ giog^fi,„(y,i3)-/f£jx|„y) _ _ sy-^^JY) 

The convexity of the exponential function implies that the sum of the first two 
terms in the last bracket is greater or equal to 

2g|(iog^B,„(y,i?)+iog^fl,„{y,B)-//£jT|_„y)-H£j5|_„y))^ 

and here we can estimate the exponent using the following lemma: 
Lemma 14 For {Y, B) G Gr, n we have 

\og^R,n{Y,B) + \og^R^n{Y,B) > -5 and (5.14) 

HlS'^lny) + Hli^^^Y) < 2hI{Y) + 6. (5.15) 

Using > 1 — (5, this establishes the nonnegativity of the above bracket and 
thus of (|5.13|) . So we have shown 

fl (g) ■7Tn{'^R,nDR^n) + /i "Xl Vr„(T/j,„D/j,„) > 2/U (g) 7r„(DK,n) " 2(5. (5.16) 

We would like to replace DR^n by D. Using D G 9"y,A„/_i and ()5.10p we obtain 

V (y, B) G DR^n : (T|„y - Te)A„,_, G D, i.e. T|„y eD + re, 
and an analogous result for the backwards transformation. Hence 

TR,n(-DR,n) C D + Te and T/j,„(Z)/j,„) C - re. (5.17) 



Lemma 15 If the integers n > R are chosen big enough, then fJ-^TTniGfin) — ^■ 

For the proof of Theorem [2] we choose such n > R. Using (j5.17p and Lemma [15] 
we deduce ^{D + re) + fj,{D — Te) > 2fi{D) — 4(5 from (j5.16p . Taking the limit 
(5 — > 0, the claim of the theorem follows from Lemma [TJ 
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6 Proof of the lemmas from Section [5] 

6.1 Convergence of energy sums: Lemma [9] 

Let n € N. For every y € y we have 

beEn{Y) yi,y2€YA„ yie^A^ y2&Y/^<^ 

and integrating this and applying Lemma [6] for u/^^{.\Y) and /i we obtain 

fi®UA^{dY)HljY) < / dyi( dy2u{yi,y2) + zU dy2u{yi,y2) 
J Ja„ ^ Ja„ J as 



< / dyi{l + z^)ci: < 4n^{l + z^)c^ < 



oo, 



where we have estimated the integrals over y2 by using (|5.ip . Thus we have 
proved the first assertion. However, /x is absolutely continuous with respect to 
H J^A„i which follows from (j3.ip and the definition of the conditional Gibbs 
distribution. Hence the first assertion implies the second one. 

6.2 Properties of the auxiliary function 

A function t : / — > R on an interval / is called hLd, i.e. 1/2-Lipschitz-continuous 
and differentiable at all but at most countably many points, if \t{r) — t{r')\ < 
— r'\ for all r, r' € /, and if there is a countable set M C I such that / 
is differentiable in every point of M \ /. The following lemmas show why we 
consider this type of function: 

Lemma 16 Let t : H ^ H be hLd. Then the transformation T : IR, — > R, 
T := id + t, is bijective, strictly increasing, continuous, and differentiable a.e., 
and the Lebesgue transformation formula holds: 

g{T{r))T' {r)dr = j g{r')dr' for all measurable 5 > 0. (6.1) 

Proof: We only need the 1/2-Lipschitz-continuity of t, which implies 
1 3 

— (r — r') < T{r) — T{r') < ~ ^'-^ r > r' ^ L, 

so T is bijective, strictly increasing, and Lipschitz-continuous. The inverse 
also is continuous and bijective, thus A := A o T is a measure on (R, S). By the 
Lebesgue- Vitali differentiation theorem the Lipschitz-continuity of T implies 
that T is differentiable a.e. and ^ = T'. Thus the transformation theorem 
implies ()6.ip . □ 

Lemma 17 If ti,t2 : L ^ H are hLd functions on an interval I, then so is 
t := ti A t2, and we have t'(s) E {i'i(s), ^2(^)1 whenever t'{s) exists. 
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Proof: The 1/2-Lipschitz-continuity of t follows from the inequality 

Voj, 6j € R : \ai A a2 — 61 A 62 1 < |ai — 6i| V |a2 — 62I. 

For the differentiability let Mi C / be a countable set such that ti is differen- 
tiable on I \ Mj . Furthermore let 

M3 := {r e / \ (Ml U M2) : h{r) = t2{r),t[{r) + i!^{r)). 

It is easy to check that every point of M3 is isolated, so M3 is countable. But 
tx A t2 is differentiable on / \ (Mi U M2 U M3). Indeed, let r G / \ (Mi U M2). If 
ti(r) 7^ t^ir^ then t coincides with one of the two functions in a neighborhood 
of r, and if ti(r) = t2(^) and t'i(r) = t'^ir^ then t is differentiable in r with 
t'(r) = t;(r) = t'2(^)- □ 

Let us call a function i : 1R,|, — > IR e-l/2-Lipschitz-continuous, e-differentiable, 
or e-hLd if for all r2 G R, a € 5" the function t(.,r2,cr) has the corresponding 
property. 

Lemma 18 For all y' G 1R| and t G IR 7:„(|.|) A ruy'^t is e-hLd. 

Proof: Let y' G 1R,|' and t G R. The claimed properties concern the first 
spatial component only, so for fixed r2 G IR, and o" G S" we consider the functions 
T ■= Tn(|(.,r-2,C7)|), / := fxiv', ■,r2,cr), rh^ := t + hy/^tf, fh := rhf + ooly^^^. 
It suffices to show that f A t is hLd for hyi^tCf > 1/2, and f A m is hLd for 
hy\tCf < 1/2. In order to get rid of the infinite part of rh in the second case we 
define I to be the convex hull of the closure of {/ < 1}. / is a bounded closed 
interval, and we claim that 

f Am = f on 1R\/ and f A m = f A on I. (6-2) 

Provided this is true, we are done by Lemma [T71 as rh^ is hLd for hyi^tCf < 1/2 
(by definition of cj) and f is hLd (f is Lipschitz-continuous with Lipschitz- 
constant T/Q{n — R) < 1/2, where we have used n — R> 1 and r < 1/2). For 
a proof of (j6.2p we first observe that we have / = 1 on IR \ / by the continuity 
of / and thus rh = 00, which gives the first claim. For the second claim it 
suffices to show that for all r G / with /(r) = 1 we have m-^(r) > f(r). So let 
r G / with /(r) = 1. We observe that I is contained in the convex hull of the 
closure of K"{y',r2,cr), as {/ < 1} C K"{y' ,r2,cr) by definition of /. Thus for 
y := (r,r2,cr) we have \y' — y\ < ck, which implies \y'\ — ck < \y\- As tr^u is 
decreasing we obtain 

T{r) = TR^n{\y\) < TR^n{\y'\ - Cr) < t + hyi = rfi^ (r) 
by choice of hy' t, and we are done. □ 

6.3 Properties of the construction: Lemma 1101 

t^'^ is the minimum of finitely many functions of the form t„(|.|) Airiyi^t, where 
y' G 1R| and t G IR. So the preceeding lemmas imply the following monotonicity 
and regularity properties of t^'^ and T^'^'- 
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Lemma 19 For Y G ^, B C E{Y) and k > we have that t^' is e-hLd and 
for every y S ]R| dgt^'^{y) equals or dg1^'^ {y) or dgmy, iy,b i^yi-^{y) for some 
y' ^ Y with {y,y') G K" . Furthermore T^'^ is <g-increasing , e-continuous, 
bijective, and T^'^ as a function of the first spatial coordinate satisfies ()6.ip . 

In the proofs of many of the following lemmas we need a way to calculate the 
translation distance of an arbitrary particle y E C^'^ without knowing P^'^ ■ 
This can be done using the following easy fact: 

Lemma 20 For F € y, B C E{Y) and k > we have 

^k'^ = *l+i(y) for all y G C^'^. (6.3) 

Proof: For y G Cfc we have tk+i{y) = tk{y) A Ay'eC^^v' ^^kiv) = ^k- Here 
we have used tk{y) > t^, which holds by definition of r^, myt ,^^{y) > r^, and 

^y,rk(.y) = Tk- □ 

For ()5.7p it suffices to observe that for every 1 < k < m and y G Pfc we have 

Tk = tk{y) = ifc-i(y)A /\ myf^rk-iiy) > Tk-i- 

This follows from the definition of Tk and tk, from tk^i{y) > Tk~i by the defi- 
nition of Tfc„i, and from ruy'^t ^ t- Now we will show (I5.8P and 

se[-l,l],y,y' eY,iy,y')^K ^ (y,y' + s{t^^''{y')-t'''^{y))e)^K. (6.4) 

By the e-invariance of K (|5.9p is equivalent to the special case s = 1 of (j6.4p . 
Let y,y' G Y and s G [—1,1]. Without loss of generality we may suppose 
that y = yi & Ci and y' = yj G Cj, where < i < j. (For i = j we have 
t^'^{yi) = t^'^{yj), so (15. Sp and (|6.4p are obvious.) We now observe that 
yj G A* := {y G ml : ti{y) > n} and 

VyGi^(y,)nA^ tj+i{y) = t^{y) A f\ mc„r,{y) = n. (6.5) 

i<k<j 

This holds as tj(y) > Tj by definition of A\ mc,.^Tk ^ ''"i by (j5.7p . and mci^r^y) = 
Ti by y G i^(yi). If (yi,yj) G i^, then yj G i^(yi) n A', so ([63]) and ([613]) imply 
Tj = tjj^i{yj) = Tj, which shows ()5.8p . For (j6.4p suppose {yi,yj) ^ -ST and let 
rj_,_;^ := id + s • tj^ie. We have G A* \ K{yi) and Tj = tj+i{yj) by (I6.3jl . so it 
suffices to show that 

r/_,i(A* \ K(y,)) = A* \ Kivi) + sne, (6.6) 

as this implies yj + STj-e ^ K{yi) + sTje. In order to show (16. 6p we fix o" G 5 
and r G R. Continuity of ti{.,r,a) implies ti{.,r,a) = ti on 5A*(.,r, cr). Just 
as in the proof (|6.5p it follows that tj_|_i(., r, a) = Tj on 9A*. But Tj_^;^(., r, cr) 
is increasing, continuous, and bijective, which can be shown as in the proof of 
Lemma [T9j So TJ_^^(A*) = A* + STjC, and combining this with (j6.5p we are 
done. 
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6.4 Properties of the deformed translation: Lemma 1111 

The following lemma shows how to estimate translation distances of particles. 
Lemma 21 For good configurations {Y, B) € Gr^u we have 

yyGY: < T^'l'^'^y) < t^'^(y) < r^,„(|y|) < r. (6.7) 



Proof: The first and fourth inequality are a consequence of (j5.4p . and for the 
third it suffices to observe that for y € Ck we have < tjfc(y) < to(y) by the 
definition of r^. For the second inequality we define 

Si(i?,n,y,S) := ^ 1 y,s^ TlJy,y')4c}, (6.8) 

where r^^„(y, y') := l{|?^|<|y|}ki?.,n(|y| - c/^) - T/j,n(|y'|)P- (6.9) 

We have Si(i?, n, Y,B)<1 by (F, S) € and by definition of the set G_R,n 
in (|5.5|) . Hence every summand of Si is < 1, and if we choose y' to be a particle 
in CY,B+{y) such that r^^nd-l) is minimal and \y'\ > \y\ this implies 

Vy G y : 2c/|rH,„(|y| - ck) - ^'I'^'+ly)! < 1- (6.10) 

We will use this to show that all distortion functions my/^t in the definition of 
t^'^{y) only have local influence in that in the definition of ruy'^t we have the 
second case {hyi^tCf < 1/2), which is needed in the following proof of 

^R^'^^iv) < foi^ all y G Cl'^ 

by induction on k. For = we have equality. For the inductive step k — l^k 
let i < k — 1. By the third inequality of (|6.7p . the inductive hypothesis, and 
(jG.lOp we observe that for all yi G Ci we have 

< {TR,n{\yi\-CK)-Ti)cf < {TR^ni\yi\ - ck) - T^'^'^'^{yi))cf < 1/2, 

SO hy^nCf < 1/2. Therefore my-^n is local in that rny.^niy) = oo for all y G 
such that {yi,y) ^ K". Thus 

Tk = tkiy) = to{y)A /\ ruy^^rSy) > TR^'^^iy)^ 

yi(^Ci:i<k,iyi,y)€K" 

where the last step follows from my- T--{y) > Ti > t'^^'^'^ [yi], which is due to 

y B 

the induction hypothesis, and from yi ^ — > y for {yi,y) G K". □ 

We note that the proof Lemma [21] also shows that in the construction of 
'^R,n{Y,B) for a good configuration {Y, B) G Gr^ji all appearing distortion 
functions rny'^t only have local influence as hy/^tCf < 1/2. Now we will prove 
Lemma [TTJ It suffices to show for all iY^B) G G_R,n and y GY that 

ye An' ^ t^'^{y)=T, y^K' ^ y + t^'^{y)e - re i K'-i ^^^^^ 
y£A^„^ t^'^iy) = 0, and y £ An ^ y + t^'^{y)e G A„. 
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So let {Y, B) G Gr^u and y ^ Y . The first assertion of (|6.1ip now follows 
from (j5.6p and (j6.7p . The second assertion is an immediate consequence of 
< r — t^'^{y) < 1, which follows from (|6.7p and r < 1. The third assertion 
follows from (j6.7p and (j5.4p . and for the fourth assertion let y € A„. As 

by ()6.7p . it suffices to show that also T^'^ly) G A„. This however follows from 
Tq ' = id on A^*^ and the bijectivity of Tq ' from Lemma [T9l 

6.5 Bijectivity of the transformation: Lemma 1121 

We construct the inverse transformation Ti?_„ recursively, similarly to the con- 
struction of T/j^n, i.e. from a given configuration iY^B) we will choose sets 

of points C^'^ and translate them by t^'^ in direction — e. To get an idea 
how to define the inverse transformation we start with a fixed configuration 
y € y, S C E{Y) and set {Y,B) := Tfi,„(y,fi). In the construction of 
'^R,niY,B) we defined a partition of Y into sets of particles C^, correspond- 
ing sets Pk, and translation distances r^. We denote the corresponding image 
sets by ■= Pk + T^e and Ck ■= + T^e, see Figure [H For the construction 




%R^n ■■ (Y, B) ^ (y, B) iR^n ■■ (y, B) ^ (y, B) 



Figure 6: Construction of the inverse ^R^n of 1-R^n- 

of the inverse transformation we have to find a method to identify the sets 
among the points of Y without knowing {Y,B). Suppose now that we have 
already found Cj, Pi and Tj for alH < k, then with this information we are able 
to reconstruct Cj := Cj — rjC and thus and T^. The following lemma tells 
us, how to find Pk in that case, which will also give us Ck, Pk ■= '^k^i^k) and 

'T'k '■= ik{Pk)- 

Lemma 22 Let < k < m. Pk is the set of points of Y \ Ui<fc-i C'j where 
tk o T/T^ attains its minimum value. 

Proof: We first observe that for all k by definition of tk we have 

+ tkO T-^e = id. (6.12) 

Since tk+i < tk, we also have T^+i <g Tk, and therefore <g TfT^^ by the 
e-monotonicity of TjT^^ from Lemma [T9j Together with (|6.12p this implies 

tfe+ioT-^\ < tfcoT-i. (6.13) 
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Now let < k < m, yk £ Pk, and yi G C/ for some I > k. Then yk := yk — Tk(i £ 
Pk and yi := - T;e G Q. By definition and by ([63|) we have rfc(yA:) = yfc, 
ti+i{yi) = Ti, and Ti+iiyi) = yi- Using ([521) and (|6.13!) we deduce 

tkiT^Hm)) = Tk <Ti = ti+^{T~^\{m)) < tk{T-\yi)). 

If for the given yi we have equahty, all inequahties in the previous line have to 
be equalities, so = r; and tz+i(TJ^^(y;)) = tk{T^^{yi)). Combining this with 
(16-12P we get yi = = Tj:^{yi), so Tk{yi) = yi and thus tk{yi) = n = Tk- 

By definition of Pk we conclude Pk, so G Pfc and we are done. □ 

Lemma [22] tells us exactly how to construct the inverse of T/j^„ recursively. So 
let y G y and B C E{Y). In the k^^ construction step (A; > 0) we define 

^l'^ -=^1-^1^ A -^'B' where t^'^ := Tij,„(|.|). 

^^Y.B -Y,B 

Let Tj^'^ = id + t^'^e, and define -P^'^ to be the set of particles of y \ {Cq'^ U 

• • • U C*^^) at that the minimum of i^'"^ o {f^'^)~^ is attained. Let t^'^ ■= 

t^'^ o [f^'^)~^[P^'^) be the corresponding minimal value and C^'^ be the -B- 

cluster of the set P^'^ ■ The recursion stops, when Y \ {C^'^ U . . . U C^^) = 0, 
which will occur for a finite value of rh(Y,B) := rh. Again, sometimes we will 
omit the dependence on Y and B in our notations if it is clear from the context 
which configuration is considered. We need to show that the above construction 

is well defined, i.e. that ' is invertible in every step. Furthermore we need 
some more properties of the construction: 

Lemma 23 LetYG}j,Bc E{Y) and k>0. Then 

t^'^ is e-hLd, T^'^ is bijective and <g-increasing, (6-14) 

(C'V+ipo(rf'Ve = .d, (6.15) 

Vc G R,y G R| : o (ff ■^)-i(y) > c ^ i^'^iy - ce) > c, (6.16) 

rY,B , rY.B , ~Y,B ^ ~Y,B i 

w ^ riY,B rY,B ^rf,Y,B\-i/ \ ~Y,B i q\ 

VyGC;.' :tfc;io(r^^J (y)=r^'. (6.18) 

Proof: The definitions of tk and are similar to those of and T^, so we 
can show (16. 14^ and (16.15P just as the corresponding properties in Lemma [19] 
and (|6.12p . For (|6.16p we note that for c G R and y G 1R| the equivalence 

ik o {fk)-\y) > c ^ {fk)-\y) <g y-ce 

<^ y <e Tk{y - ce) = y - ce + ik{y - ce)e 

follows from (|6.15p and (|6.14p . The first part of (|6.17p is obvious and for the 
second part we observe that for yk G Pk we have 

tk-i o {fk-i)~^{yk) > Tk-i =^ ik-iiVk - Tfc-ie) > Tk-i 

ik{yk - fk~ie) > fk-i Tk = ik o {fk)'^ iyk) > Tk-i, 
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where the first statement holds by definition of Pk-i, the first and the third 
implication hold by (j6.16p . and the second implication is by definition of t^. 
For (KTS\\ let yu € Ck- We have 

ik°Tj:'^{yk) > Tk ikiyk-he) > fk 

ik+iiyk-Tke) = ffc ik+i ° T^li{yk) = Tk, 

where the first statement holds by definition, and the implications follow from 
(|6.16p . yk — Tke ^ Ck — ffcC and (|6.15p respectively. □ 

For every < A; < rh{Y ,B) and yk G C"^'^ let t^'^iyk) '■= ^^'^ ■ This defines a 
translation distance function tX'^ : F ^ IR. We define 

fh{Y,B) 

U iCV-rl''^ = {y-i'''Hy)e:y^Y} and 

fc=0 

{{y - i^'^iymy' - i^'^{y')e) : yy' g b}. 

Now if S is a not a subset of E{Y) we define « ~ "^ij n ~ 

iR,n : y X £ ^ y X £, := cr|„(y),'r|„(s)). 

By Lemma [8] we see again that all above objects are measurable with respect 
to the considered cr-algebras. The only difficulty is to show that {T^'^)~^{y) is 

measurable. This however follows from the e-monotonicity of T^^ ' . In order to 
show that really is the inverse of I^R^n we need an analogue of Lemma [22j 
Let y G y and B C E(Y). Let tk, Tk, Ck, Pk, and fk {0 < k < rh) as above and 
denote {Y, B) := Ti?,„(y, B), Pk := Pk - and Ck := Ck - see FigureEl 

Lemma 24 Let < k < m. Pk is the set of points ofY\ (Jj<A;-i C'j where tk 
attains its minimal value. 

Proof: Let < k < m, yk Pk, and yi G C; for some I > k. Then yi := 
yi + fie & Ci and yk '■= yk + Tke & Pk- By definition of fk and fi, by ()6.18p and 
( |6.15j ) we have f~'^{yk) = yk, ti+i (21+1(^0) = and fi^\{yi) = yi- Thus from 
(j6.17p we deduce 

ik{yk) = Tk < n = ii+i{fi^\{yi)) = ii+i{yi) < 

If for the given yi we have equality, all inequalities in the previous line have to 
be equalities, so fk = fi and ik{yi) = n, i.e. fk{yj) = yi + f;e = yi. This gives 
Tk = Ti = ikiyi) = ik{Tk^{yi))- By definition of Pk we conclude yi € Pk, hence 
yi G Pk and we are done. □ 

Lemma 25 On ^ x 8, we have T_R,n o Tij^„ = id and ^R^n ° ^R,n = id. 



iln{Y) := 
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Proof: For the first part let F G y, 5 G £, and (Y,B) := lR^ri{Y,B). If B is 
not a subset of E{Y) we have Ti?^„ o Ti?_„(y, i?) = Tij^„(y, = (y, B) and we 
are done. Else it suffices to prove 



7Y,B _ .Y,B rfY,B _ rpY,B ~Y,B _ Y,B 
~ '^k ^ ~ ^k ^ '^k ~ '^k 1 

^Y,B T3Y,B , Y,B^ , rfY,B ^Y.B , Y,B - 



(6.19) 



for every /c > by induction on k. For the inductive step /c — 1 — > A: we observe 
that t^'^ = t^'^ by induction hypothesis, and T^'^ = T^'^ is an immediate 
consequence. Combining this with Lemma [22] and the definition of P^'^ we get 

^Y,B oY,B , Y,B^ , ~Y,B Y,B P^Y ,B ^Y,B , Y,B ^ ■ ■ ,. . 

^k = ^k + '^j. ^ ^"^^ '^k ='^k ■ ^k = ^k + '^fr e IS an immediate 
consequence. The case k = can be shown similarly: Here t^'^ = t^'^ holds 



by definition and the rest again follows from Lemma 
For the second part let y G -B G £, and {Y, B) := TR^„(y,i?). As above we 
may assume B C E(Y), and it suffices to show (|6.19|) by induction on k. Here 
the inductive step follows from Lemma [2^ □ 



6.6 Density of the transformed process: Lemma 1131 

By definition the left hand side of (I5.12|) equals 

fc>0 ■ BcE^iYy) 

where the summation symbol indicates that the sum extends over finite 
subsets only, and we have used the shorthand notation Yy = {yi, . . . , yk} U Iac 
for y G (A„ X 5')'^. We would like to fix the bond set B before we choose 
the particle states y^. Thus we introduce bonds between indices of particles 
instead of bonds between particles. Let :={!,..., A;}, Y'' := U Ya= , and 
EniY^') := {ym G E{Y'') : yiysHN^ / 0}. For B C and y G (A„"x 5)^ 

(/ C Nfc) we define By to be the bond set constructed from B by replacing the 
point i G / by yj in every bond of B and by deleting every bond B that contains 
a point i G Nfc \ /. Analogously let := {yi : i G /} U Y\c be the configuration 
corresponding to the sequence and let {Y,B)y := {Yy,By). We obtain 

I{k) = ^(^'^)' ^(^'^) •= / dy{fo1ji^^.^R^^){Y,B)y. 

BciE„{Yk) •'^"'^ 

To compute I{k,B) we need to calculate Iji^niy , B)y, and for this we must 

Y B - 

identify the points of ^' " among Yy. So let the set of all sequences 
V ~ iVj)o<j<m of disjoint nonempty subsets of Y^ such that Y\c^ C rjQ and 
every i?-cluster of (Y^,B) has nonempty intersection with exactly one of the 
sets rjj, i.e. the S-clusters tj^ of the sets rjj define a partition of Y^. Let the 
length of the sequence be denoted by m{r]) := m. For 77 G H^ and y G (A„ x S)^ 
let rjy = iVj,y)o<j<Ta{ri) and tj^ = i.vf,y)o<j<m{ri) be the sequences corresponding 
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to 7] and 7]^ , where every i is replaced by y^. For r/ G let 

Ak,B,r, := {y e (A„ X S)'' : m(r?) = m{Yy,By), V j > : t?,,^ = Pf"""^}, 
^,B,r, := {y G (An X 5)^= : m(r/) = m(i;,i?j;), Vj > : r?,-^ = ff^'''^}, 



where rh{Yy, By) and Pj ^' ^ are the objects from the construction of the inverse 
transformation in Subsection 16.51 We note that 



V y G Ak,B,r^ : rjfy = C; "'"^ and V y € Ak,B,v ■ vf,y = C]^'""" 



Now we can write 



and we denote the summands in the last term by I{k,B,rj). If y € ^fc,_B,j7 
we can derive a simple expression for %ji^n{Y , B)y: For i G rj^ the translation 
distance of yi doesn't depend on all components of y, but only on those yi such 
that I G r]?, for some / < j — I and additionally on those yi such that I G ?7j 
whenever i ^ r/j. Hence for y G (A„ x S)*^, t] G 11^ and < j < m{7]) we define 
y^'-' to be the subsequence of y corresponding to the index set (Jj'<j^^) 
define a formal translation distance and a formal transformation by 



where 



■= j for i G r]j and := 0» for i £ rjf \ 7]j, 

Tf'^^y := id + '^'^ e and xff^^ := id + if '"'^(y^in^Je- 
Then 

r = (y,5)rB..(j,) and 

yG^fcSn^S v-n o (6-20) 

' \ t/-^^ = t/'"'^ for all < j < m(r?) ^ ' 

holds by definition. Furthermore we observe that for all y G (H^)'^ we have 

yG^fc,B,„ ^ T^'^ly) G ife.B.r,. (6.21) 



Here holds by (j6.20p and (|6.19p from the proof of Lemma [25l For 

let y G (Rl)'' such that T^'''(y) G and let (^',5') := Tij,„(y, 5)rs,^(y), 

where T/j^^ is the inverse of as defined in the last subsection. By induction 
on j we can show 

VO < J < : Tj'^^' = Xf^^'y, rj,,y = pf and = 

In the inductive step j — 1 ^ j the first assertion follows from the induction 
hypothesis, the third follows from the second, and the second follows from the 
first, the bijectivity of Tj ' , and Tj '^'^{rjj^y) = T- ' {P- ' ), which holds as 

rrB,ri,y, ^ B^^'^^TB,v(y) Ty"^',B' . Y' ,B' rr^Y' ,B' , j:,Y' ,B\ 
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where we have used the definition of Ak^B,ri and (j6.19p from the proof of 
Lemma [25j This completes the proof of the above assertion and we conclude 
that {Yy,By) = {Y',B'), which implies rjj^y = pf'^' = pj^'^^ and thus dOT]) . 
Defining 5(y) := l^^ ^^{y)f{Yy,By), and ^M) imply 

m{ri) 

/(fc,i?,ry) = [n ( n hy)[ n |l+5etf'''"(y^')|)]5(T^'''(y)), 

where we have also inserted the definition of ^R^n (|5.1ip . Now we transform 
the integrals. For j = m{rj) to and i £ r]^ Ci Nfc we substitute := T^^^'^yi. 

For i ^ rj^ \ rjj is a translation by a constant vector, so dy'j^ = dy-i. For 

i G r/j the transformation only concerns the first spatial component of yi, and 
Lemma [T9] implies dy[ = \l + dgt^'^'^ {yi)\dyi. So 

I{k,B,r^) = [ n ( n / ^^0] ^^y^ = I dy^A,,sJy^fiYy^By), 
j=o ierjfnNfc 

and we are done as the same arguments show that the right hand side of (|5.12p 
equals 

""^E^ E' E fdyl^^^Jy)f{Yy,By). 



e 

fc>o ■'■■sc£;„(y'=)'yenfc ■ 



Analogously the density function can be shown to be well defined: For all y G y 

J^A„ O <('V/?,n well defined"!?) = e'^"' E ^ E' E ^' 

fc>o ■Bc-B„{y'--)'?enfc 



m(r)) 

/'(fc,s,r?):=[n( n n iia^^-^) exists})] 

j=o ierifr\¥!k j'erjj-nNfc 



As ''''^ is e-hLd, we have for arbitrary r G R, a G S, A;, i], and ?/ as above 

that dgt^'^'^ {.,r,a) exists a.s.. So we may replace all indicator functions in the 
above product by 1 using Fubini's theorem, and the above probability equals 1. 



6.7 Key estimates: Lemma 1141 



For (imi) let {Y,B) G Gij,„. By Lemma[l9]we have \dgtl'^{.)\ < 1/2. Using 
the inequality — log(l — a) < 2a, which holds for < a < 1/2, we thus obtain 

fR,n{Y, B) :=- log B) - log ^R,n{Y, B) 

m{Y,B) m{Y,B) 

= -E E < E E ^(9^'l'"(y))"- 
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By Lem.ma\T9\ddT'^ (v) equals either or dgt^'^{y) or dgniyi ^^y,b (^yi^{y) for some 
y' with {y',y) G K". Using (j6.7p we see that 

\\dgmy,^tY,B^y,)\\ < {TR^n{\y'\ - ck) - t^'^{y'))cf, 
where t^'^(y') > r^'^'^'^y') = /\ r«,„(|/|). 

Furthermore for y = (ri , r2 , cj) G ]R,| we have 

\dgt, (y)| - l{n>|n|>k.|vi?}r^(^_^^ < l{.eA„}r^^^_^^, 
so we can estimate fn^niY, B) by the sum of the following two expressions: 



y,y',y"eY 

where we have used the shorthand notation (j6.9p . Using these terms in the 
definition (15. 5p of Gr^u we get (I5.14p . For a proof of (I5.15P we first note that 
for all y,y' G 1R|, t} G [-1, 1] with {y,y' + se) ^ K for all s G [-'i?,'!?] we can 
estimate tJ{y, y' + ?9e) + C7 (y, y' — "iJe) — 2U{y, y') by 



using Taylor expansion of ^yy/ and the '0-domination of the e-derivatives. Now 

we 

is finite. Introducing ^y^y' ■= t^'^{y') — t^'^{y) for y,y' G En{Y) we have 



9^ 

y,i 

let {Y,B) G Gji^n- W.l.o.g. we may assume that the right hand side of (|5.15p 

'^y,y' 

Hli'linY) + Hli^l^Y) - 2<(y) 
= Yl [U{y,y' + ^y,y'^ + U{y,y' -^y,y>e)-2U{y,y')] 

yy'(^E„{Y) 
yy'&E„{Y) 

In the first step we have used that U is e-invariant, and in the second step 
we are allowed to apply the above Taylor estimate as for (y, y') ^ K we have 
(y, y' + se) ^ K for all s G [—'&y,y','&y,y'] by (j6.4p . and for {y,y') £ K we have 
^y,y' = by (|5.8p . Applying the arithmetic-quadratic mean inequality to 

((t^'^(y) - TnA\y\)) + (rnM) " ^ij.ndy'l)) + (Tii,„(|y'|) - t^'^(y')) 
we obtain 

/fi,n(i^,i?) < 6 5^^V(y,y')Kn(|?/|)-t^'^(y))' 



+ 3^]^ i{ly|<ly'l} V'(y,2/') (TR,n(|y|) - Tij,„(|y'|))2 
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In the first sum on the right hand side we again use (j6.7p to estimate 

K„(|y|)-t^'^(y))^ < Yl h\y\<\y"\}K „ (r^,n(|y|) - r«,n(|y"|))^ 

y"eY {y^y"} 

so fii^n{y,B) can be estimated by the sum of the two following expressions: 

y,y'eY ^g_23) 
E5(i?,n,y,i?) := 6 ^ I ^P{y,y')Tl^{y,y"). 

Inserting these sums into the definition of Gr^u in (|5.5p . we obtain (I5.15p . 



6.8 Set of good configurations: Lemma | 

The set of good configurations Gij^„ is defined in terms of the cluster range 
+ and the functions T,i{R,n,Y, B), see (|5.5p . We will show that the 
// 7r„-expectation of r^i^^ is finite and independent of n and that for fixed R 
the expectation of every Y^i(R,n,Y, B) tends to for n — s- oo. Then Markov's 
inequality implies the desired result: We can first choose R > n' such that 
H ® T^nifJ ^ ^ -R) < for all n, and we may then choose an n > i? such 
that n (E) vr„(E-=i S) > (5) < V2. 

For Y £ B C E{Y) and any path yo; •••) ym in the graph (F, B^) such that 
yo G A.n' we have < + X^fcLi ll/fc — yfe-il- By considering all possibilities 
for such paths we thus obtain 

_^ m m 

V'^+ < + XI Yl l{j/oeA„,} n l{i/.?/.-ieB+} \y^ - y^-il- 
yovij/msy i=i fc=i 

Under the Bernoulli measure 7r„(di?|y) the events {yiyi-i € are indepen- 
dent, and for g : (1R.|)^ — > R, (7 := l/4:"\i^c/ + ■u we have 

y 7rnidB\Y)i{y^y^_^(,B+} < ^Kv{yi~i,yi) + g{yi-i,yi)- (6.24) 

Using the hard core property ()3.2p and Lemma [6] we obtain 
r := j n{dY) 1 7rn{dB\Y)ry+ - n' 

^ YY Y ^{yoeA„,}\yk-yk-i\Ylg{yi-uyi) 

m>l k=l yo,...,ym&Y i=l 

m „ m 

< YY^^^^""^^ / dyo---dymi{yoeA„,}\yk-yk-i\Y[giyi-i,yi)- 

\i J 1 1 



m>l k=l 
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Setting Cg := (1 + cl^)c^ + Cu, we conclude from (j5.ip and ()5.2p that we have 
/ giy,y')dy' < and 

g{y,y')\y - y'\dy' < / + 12/ - < cg 



for all y G 1R|, hence we can estimate the integrals over dyi in the above 
expression beginning with i = m. These estimates give m — 1 times a factor 
and one time a factor Cg. Finally the integration over dyo gives an additional 
factor A2(A„/) = (2n')^. Thus 

r < (2n'z^)^Cg ^ m(cg2;^)™"-^ < oo, as c^z^ < 1. 

m>l 

This gives the finiteness of the expectation of the cluster range. The functions 
^i{R,n,Y,B) have been specified in ([HSD, (102]) and ([623]): 

y,y'&Y y,y'& 



^3 = 24 Y] '^Y,B+iK"{y,y")Tln{y,y'). 



y,y',y"eY 

We start with an estimate on t^„. For s' > s such that s' > R and s < n, 



< r{s-R,n-R)-r{s'-R,n-R) = [ ^ ^ — ^dt < {s'-s) 

Jrvs Qin - R) 



q{t-R) ^ q{s-R) 
Qin - R) 

by the monotonicity of q. Defining n := n + c/c and R := R + ck thus have 



T^,Jj/,yO < lto.A.r'(bVM+Ci.)^ ^^[^J_|jI fory,2/'GR|, (6.26) 

using the substitution s' := \y'\ and s := \y\ — ck- (If s' < R ov s > n then 
Tji^{y,y') = 0.) The following relations will give us control over the relevant 
terms of the right hand side of (j6.26p . For n > 2R we have 



I dyq{\y\-Rf < / ds8s + ds8is + R)q{s) 

Jkn Jo Jr 

pn—R 

< 16R^ + 32 / q{s)ds < 16R^ + 32Q{n-R). 
Jo 



In the first step we used q < I, and in the second step R < s and sq{s) < 2. As 
lim Q{n) = 00 by log log n < Q{n) for n > 1, the above implies 

n^oo 

limc(i?,n)=0 for c{R,n) := [ dyilMjl^. (6.27) 

n^oo Q{n - Ry 
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Finally, for yo, ... ,ym ^ ]R.| we deduce from the triangle inequality that 



\ym\-\yo\+CK 



< m\/ \yk-yk-i\+CK < (m+l)(lVcA')(lv \/ \yk-yk-i\j, 

k=l k=l 



SO {\ym\ - \yo\ + CK? < (m + 1)2(1 V c\) V (1 V \yk - yk-i\^)- (6.28) 

k=l 

No we will proceed as in the first part of this section: For y € ^ and B C 
E{Y) we can estimate the summands of Si(i?, n, y, B) by considering all paths 
yo,--- ,ym in the graph (Y, B+) connecting y = yo and y' = ym- By (|6.26p and 
(j6.28p we can estimate Si(i?, n, Y, B) by a constant c times 



m>0 fc=l yo,...,ymey ^'^'^ -^^^ i=l 



-ieB+}- 



The expectation of the last term can be estimated using ()6.24p . Lemma [6] and 
(j6.24p . and thus we get the following upper bound for the expectation of Si: 

{zifcgc 5] (m + lf{c^zir'^c{R, n). 

m>0 

Similarly we estimate the summands of Ti^{R, n, Y, B) by considering all paths 
yo,-- - ,ym in the graph (Y,B+) connecting y = yo and y' = ym and by dis- 
tinguishing the cases yj = y" and yj ^ 2/"Vj. By ()6.26p and ()6.28p we can 
estimate S5(i2, n, y, i?) by a constant c times 

E( , 1^2V^ 1 9(|yo| - ^)2 , , I |2n 

m>0 fc=l j/o,...,?/mey 

m m _ 

We estimate the second sum in the brackets by c^(m+l) using (|5.2p . Proceeding 
as above we see that the expectation of S5(i?, n, Y, S) can be estimated by 



m>0 



We estimate ^3(72, n, y, i?) by a similar term as the one for S5, where the 
function '\\) is now replaced by \k" , so the expectation of S3(i2, n, y, i?) can be 
estimated by 



{z^fcgc ^ (m + \f{c^ziT-^ c{R, n){z^c^ + m + 1). 

m>0 

Analogously we can estimate the expectation of T,4(R,n,Y, B) by 

qi\y\-R? 

Q{n-RY 



<^^f / f^o / v |y - y?) < c(zO'c(i?, n)c^ 
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for some constant c, and finally the expectation of S2(-R, n, Y) can be estimated 
by 2z^r^c(i2, n). In the bounds of the expectations of the above terms the sums 
over m have finite values by (|5.1|) . so we are done by (|6.27|) . 

Acknowledgements: 

I would like to thank H.-O. Georgii for suggesting the problem and many helpful 
discussions and F. Merkl for helpful comments. 

References 

[Dl] R. L. Dobrushin, The description of a random field by means of condi- 
tional probabilities and conditions of its regularity, Theor. Prob. Appl. 
13 (1968) 197-224. 

[D2] R. L. Dobrushin, Prescribing a system of random variables by condi- 
tional distributions, Theor. Prob. Appl. 15 (1970) 458-486. 

[DV] D. J. Daley, D. Vere-Jones, An Introduction to the Theory of Point 
Processes, Springer, New York, 1988. 

[FPl] J. Frohlich, C.-E. Pfister, On the absence of spontaneous symmetry 
breaking and of crystalline ordering in two-dimensional systems, Com- 
mun. Math. Phys. 81 (1981) 277-298. 

[FP2] J. Frohlich, C.-E. Pfister, Absence of crystalline ordering in two dimen- 
sions, Commun. Math. Phys. 104 (1986) 697-700. 

[G] H.-O. Georgii, Gibbs measures and phase transitions, de Gruyter Stud- 
ies in Mathematics 9, Walter de Gruyter & Co., Berlin, 1988. 

[GH] H.-O. Georgii, O. Haggstrom, Phase transition in continuum Potts 
models, Commun. Math. Phys. 181 (1996), 507-528. 

[ISV] D. loffe, S. Shlosman, Y. Velenik, 2D models of statistical physics 
with continuous symmetry: the case of singular interactions, Commun. 
Math. Phys. 226 (2002) 433-454. 

[LL] J. L. Lebowitz, E. H. Lieb, Phase transition in a continuum classical 
system with finite interactions, Phys. Letters 39A (1972) 98-100. 

[LR] O. E. Lanford, D. Ruelle, Observables at infinity and states with short 
range correlations in statistical mechanics, Commun. Math. Phys. 13 
(1969) 194-215. 

[MKM] K. Matthes, J. Kerstan, J. Mecke, Infinitely divisible point processes, 
John Wiley, Chichester, 1978. 



40 



[MR] F. Merkl, S. Rolles, Spontaneous breaking of continuous rotational 
symmetry in two dimensions, submitted, preliminary version at www- 
m5.ma.tum.de /pcrs / sroUcs /kristall.pdf . 

[MW] N. D. Mermin, H. Wagner, Absence of ferromagnetism or antiferromag- 
netism in one- or two-dimensional isotropic Heisenberg models, Phys. 
Rev. Letters 17 (1966) 1133-1136. 

[Ril] T. Richthammer, Two-dimensional Gibbsian point processes with con- 
tinuous spin symmetries, Stoch. Proc. Appl. 115 (2005) 827-848. 

[Ri2] T. Richthammer, Translation-inavariance of two-dimensional Gibbsian 
point processes, Commun. Math. Phys. 274 (2007), 81-122. 

[Rul] D. Ruelle, Superstable interactions in classical statistical mechanics, 
Commun. Math. Phys. 18 (1970) 127-159. 

[Ru2] D. Ruelle, Existence of a phase transition in a continuous classical sys- 
tem, Phys. Rev. Letters 27 (1971), 1040-1041. 

[S] S. Shlosman, Continuous models with continuous symmetries in two 
dimensions, in: J. Fritz, J. L. Lebowitz, D. Szasz (Eds.), Random fields 
Vol. 2, North Holland, Amsterdam, 1979, pp. 949-966. 



41 



